Abstract. We establish a general operator parallelogram law concerning a characterization of inner product spaces, get an operator extension of Bohr's inequality and present several norm inequalities. More precisely, let A be a C * -algebra, T be a locally compact Hausdorff space equipped with a Radon measure µ and let (A t ) t∈T be a continuous field of operators in A such that the function t → A t is norm continuous on T and the function t → A t is integrable. If α : T × T → C is a measurable function such that α(t, s)α(s, t) = 1 for all t, s ∈ T , then we show that
Introduction
Let A be a C * -algebra and let T be a locally compact Hausdorff space. A field (A t ) t∈T of operators in A is called a continuous field of operators if the function t → A t is norm continuous on T . If µ(t) is a Radon measure on T and the function t → A t is integrable, one can form the Bochner integral T A t dµ(t), which is the unique element in A such that
for every linear functional ϕ in the norm dual A * of A; see [7, Section 4 .1] and [6] .
Let B(H ) be the algebra of all bounded linear operators on a separable complex Hilbert space H endowed with inner product ·, · . We denote the absolute value of A ∈ B(H ) by |A| = (ALet A ∈ B(H ) be a compact operator and let 0 < p < ∞. The Schatten p-norm (pquasi-norm) for 1 ≤ p < ∞ (0 < p < 1) is defined by A p = (tr|A| p ) 1/p , where tr is the usual trace functional. Clearly
for p > 0. For p > 0, the Schatten p-class, denoted by C p , is defined to be the two-sided ideal in B(H ) of those compact operators A for which A p is finite. In particular, C 1 and C 2 are the trace class and the Hilbert-Schmidt class, respectively. For 1 ≤ p < ∞, C p is a Banach space; in particular the triangle inequality holds. However, for 0 < p < 1, the quasi-norm . p does not satisfy the triangle inequality. In addition to Schatten p-norms and operator norm, there are other interesting norms defined on some ideals contained in the ideal of compact operators. A unitarily invariant norm ||| · ||| is defined only on a norm ideal C |||·||| associated with it and has the property |||UAV ||| = |||A|||, where U and V are unitaries and A ∈ C |||·||| . For more information on the theory of the unitarily invariant norms the reader is referred to [14] . One can show that n i,j=1
holds in an inner product space, which is indeed a generalization of the classical parallelogram law :
There are several extensions of parallelogram law among them we could refer the interested reader to [4, 5, 11, 16, 17] . Generalizations of the parallelogram law for the Schatten pnorms have been given in the form of the celebrated Clarkson inequalities (see [9] and references therein). Since C 2 is a Hilbert space under the inner product A, B = tr(B * A),
The classical Bohr's inequality states that for any z, w ∈ C and any positive real numbers r, s with
Many interesting operator generalizations of this inequality have been obtained; cf. [1, 3, 8, 13, 15] .
In this paper, we establish an extended operator parallelogram law and get a generalization of Bohr's inequality. We also present several unitarily invariant and Schatten p-norm inequalities. Our results can be regarded as extensions of main results of [10] .
Joint extensions of the parallelogram law and Bohr's inequality
We start our work with following clear lemma. The first equality is called the operator parallelogram law.
and
We now state our main result, which is an operator version of equality (1.2). As we will see later, it is indeed a joint operator extension of Bohr and parallelogram inequalities. Theorem 2.2. Let A be a C * -algebra, T be a locally compact Hausdorff space equipped with a Radon measure µ and let (A t ) t∈T be a continuous field of operators in A such that the function t → A t is norm continuous on T and the function t → A t is integrable. Let α : T × T → C be a measurable function such that α(t, s)α(s, t) = 1 for all t, s ∈ T . Then
Proof.
(by Lemma 2.1(a))
If we let T = {1, · · · , n}, µ be the counting measure on T and α(i, j) = r i r j , where 
Remark 2.5. If n = 2 and t := r 1 r 2 > 0, then operator equality (2.2) can be restated as the following form which is, as noted in [17] , a generalization of [8, Theorem 1] and [3, Theorem 3] .
We also infer the following extension of Bohr's inequality [15, Theorem 7] from (2.2).
The preceding inequality is, in turn, a special case of the following general form of the Bohr inequality being easily deduced from the fact that the left hand side of the operator equality in Theorem 2.2 is a positive element of the C * -algebra A.
Corollary 2.6 (Generalized Operator Bohr's Inequality). Let A be a C * -algebra, T be a locally compact Hausdorff space equipped with a Radon measure µ and let (A t ) t∈T be a continuous field of operators in A such that the function t → A t is norm continuous on T and the function t → A t is integrable. Let α : T × T → C be a measurable function such that α(t, s)α(s, t) = 1 for all t, s ∈ T . Then
A weighted extension of norm equality (1.2) can be deduced from (2.1) as follows:
Corollary 2.7. Let x 1 , · · · , x n , y 1 , · · · , y n ∈ H and let r 1 , · · · , r n be positive numbers. Then
Proof. Let e be a non-zero vector of H and set A i = x i ⊗ e, B i = y i ⊗ e for i = 1, · · · , n. It follows from the elementary properties of rank one operators and equality (2.1) that n i,j=1
from which we conclude the result.
A general parallelogram law
An extension of a result of [2] for n-tuples may be stated as follows.
• If f : [0, ∞) → [0, ∞) is a convex function, then for any positive operators A 1 , · · · , A n , any nonnegative numbers α 1 , · · · , α n with n j=1 α j = 1 and any unitarily invariant norm
The following result is also known [12] :
is a convex function with f (0) = 0, then for any positive operators A 1 , · · · , A n and any unitarily invariant norm ||| · ||| on B(H )
The reverse inequalities hold for concave functions; see [9] for more details. We now prove another significant theorem. for all unitarily invariant norm. If g is concave, then the reverse of (3.3) holds.
